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Abstract
Dependence of Green’s functions for the Curci-Ferrari model on the parameter resembling
the gauge parameter in massless Yang-Mills theories is investigated. It is shown that the
generating functional of vertex functions (effective action) depends on this parameter
on-shell.
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1 Introduction
Recently, it was claimed [1] that the Curci-Ferrari (CF) model [2] can be presented as a unitary
and renormalizable model for massive Yang-Mills fields without Higgs fields. From the begin-
ning it was well known that the CF model obeys the property of renormalizability [3, 4] and
the action of this model is invariant under modified BRST and anti-BRST transformations.
In massless limit, the action of the CF model reduces to the Faddeev-Popov (FP) action [5]
constructed in a one parameter linear gauge. The FP action is invariant under the BRST
transformations [6, 7] as well as under the anti-BRST transformations in special gauges [8, 9].
The BRST symmetry plays a fundamental role in quantum theory of gauge fields [10]. Note, for
example, that breaking of BRST symmetry as it occurs in Yang-Mills theories when one takes
into account the Gribov horizon [11, 12, 13] leads to the gauge dependence of effective action
in gauge theories on-shell [14, 15]. In turn it means inconsistency for physical interpretation of
results obtained within this approach. In Yang-Mills theories both the BRST and anti-BRST
transformations are nilpotent. Nilpotency of the BRST symmetry allows to formulate suitable
conditions (the so-called Kugo-Ojima criterion) for a physical state space providing unitarity
of S-matrix in non-abelian gauge theories [16]. In contrast to this case, the modified BRST and
anti-BRST transformations in the CF model are not nilpotent. Namely, this fact was consid-
ered as a reason for violation of unitarity in this theory for a long time [3, 17, 4]. Reformulation
of the CF model proposed in [1] is connected with using local non-linear transformations of
massive vector fields and rewritten the CF action in terms of new variables to obtain a model for
massive Yang-Mills fields without Higgs fields. The statement about unitarity of S-matrix for
this model contradicts with previous conclusions about non-unitarity of the CF model [3, 17, 4]
and sounds rather strange from the point of view of the equivalence theorem [18, 19] because
two theories under consideration are connected through a change of variables which satisfies
conditions of the theorem. Now it is clear that the unitarity problem for the CF model [2] and
the model of massive Yang-Mills fields without Higgs fields [1] needs in further investigations.
In present paper the dependence of Green’s functions for the CF model on a parameter
resembling the gauge parameter in massless Yang-Mills theories is investigated. It is shown that
the generating functional of vertex functions (effective action) does depend on this parameter
even on-shell.
The paper is organized as follows. In Section 2, the CF model is considered. In Section
3, dependence of Green’s functions for the CF model on the parameter β is studied. Finally,
Section 4 gives concluding remarks.
We employ the condensed notation of DeWitt [20]. Derivatives with respect to sources are
taken from the left, while those with respect to fields are taken from the right. Left derivatives
with respect to fields are labeled by a subscript l.
1
2 The Curci-Ferrari model
Consider a massive extension of the massless Yang-Mills theory proposed by Curci and Ferrari
[2]. The CF model is described by the action
S = SYM + Sgf + Sm, (2.1)
where SYM is the Yang-Mills action of fields A
a
µ, which take values in the adjoint representation
of the Lie algebra su(N) so that, a = 1, . . . , N2−1,
SYM = −
1
4
F aµνF
aµν with F aµν = ∂µA
a
ν − ∂νA
a
µ + f
abcAbµA
c
ν , (2.2)
and µ, ν = 0, 1, . . . , D−1, the Minkowski space has signature (+,−, . . . ,−), and fabc denote
the (totally antisymmetric) structure constants of su(N), the symbol
∫
dDx is omitted. The
action Sgf has the form
Sgf = B
a∂µAaµ + C¯
a∂µDabµ C
b +
β
4
BaBa +
β
4
B¯aB¯a, (2.3)
where
B¯a = −Ba +Na, Na = Na(C, C¯) = fabcC¯bCa, Dabµ = δ
ab∂µ + f
acbAcµ (2.4)
and β is a parameter of the model. The action Sm contains a mass m for the vector fields A
a
µ
and the ghosts Ca and antighosts C¯a
Sm =
1
2
m2AaµA
aµ + βm2C¯aCa. (2.5)
Here the notations Ba for bosonic auxiliary fields were used. In massless limit they are identified
with the Nakanishi - Lautrup fields.
Note that SYM + Sgf can be presented as the action constructed by the rules of Faddeev-
Popov quantization [5] , SFP , in one-parameter linear gauge χ
a
χa = ∂µAaµ +
β
2
Ba (2.6)
and modified by the additional term Sad
SYM + Sgf = SFP + Sad, (2.7)
where
Sad =
β
4
NaNa −
β
2
BaNa. (2.8)
The action (2.2) is invariant under the gauge transformations
δAaµ = D
ab
µ ξ
b, (2.9)
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where ξa = ξa(x) are arbitrary functions of space-time coordinates. In turn, the actions SFP
and Sad are invariant under BRST transformation [6, 7]
δBA
a
µ = D
ab
µ C
bθ,
δBC
a =
1
2
fabcCbCcθ, (2.10)
δBC¯
a = Baθ,
δBB
a = 0 ,
where θ is a constant Grassmann parameter. Moreover, these actions are invariant under the
anti-BRST transformation [8, 9]
δ¯BA
a
µ = D
ab
µ C¯
bθ¯,
δ¯BC
a = (−Ba + fabcC¯bCc)θ¯, (2.11)
δ¯BC¯
a =
1
2
fabcC¯bC¯cθ¯,
δ¯BB
a = −fabcC¯bBcθ¯ ,
with θ¯ being a constant Grassmann parameter [2]. The action of the CF model is not invariant
under the BRST transformation because of δBSm 6= 0 but it is invariant under the modified
BRST transformation δmBS = 0 [2], where
δmBA
a
µ = D
ab
µ C
bθ ,
δmBC
a =
1
2
fabcCbCcθ, (2.12)
δmBC¯
a = Baθ ,
δmBB
a = m2Caθ,
as well as under the modified anti-BRST transformation δ¯mBS = 0 [2]. In what follows the
explicit form of the modified anti-BRST transformation will not be essential, and we omit it.
Note only that existence of anti-BRST symmetry for Yang-Mills theories in the gauge (2.6)
is not specific property of these theories in special gauges. For any classical gauge theory in
any admissible gauge one can construct a quantum version respecting both the BRST and
anti-BRST symmetries [21, 22, 23, 24]. In contrast to the usual BRST (or anti-BRST) trans-
formation, the modified BRST (or modified anti-BRST) transformation is not nilpotent. It was
a reason to claim violation of unitarity for the CF model [3, 17, 4].
Returning to the CF model it needs definitely to say that from the beginning it should be
considered as a non-gauge model in contrast to the Faddeev-Popov action SFP constructed for
Yang-Mills action SYM which is invariant under gauge transformations δA
a
µ = D
ab
µ ξ
b. In sector
of vector fields Aaµ the action of CF model, SmYM ,
SmYM = −
1
4
F aµνF
µνa +
1
2
m2AaµA
aµ
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is not gauge invariant at all. In particular, there is no reason to refer β as the gauge parameter.
It is a parameter of the theory with initial classical non-degenerated action S (2.1), for which
the physical space contains particles corresponding to the massive vector fields Aaµ and scalar
anticommuting fields Ca, C¯a. This point of view will be supported in the next Section by
investigation of the dependence of Green’s functions on this parameter.
3 Dependence of Green’s functions on parameter β
In this section we will study dependence of Green’s functions for the CF model (2.1)-(2.5) on
parameter β. We start with the vacuum functional Zβ for the CF model explicitly indicating
dependence on β
Zβ =
∫
Dφ exp
( i
~
S
)
, (3.1)
where φ denotes the set of all fields of the theory under consideration,
φi = (Aaµ, C¯
a, Ca, Ba). (3.2)
Let Zβ+δβ be the vacuum functional corresponding to small variation of the parameter β:
β → β + δβ. It leads to variation of the CF action (2.1): S → S + δβS, where
δβS =
(1
4
BaBa +
1
4
B¯aB¯a +m2C¯aCa
)
δβ. (3.3)
Then we have
Zβ+δβ =
∫
Dφ exp
( i
~
[
S + δβS
])
. (3.4)
From (3.3) and (3.4) it follows the equation
∂Zβ
∂β
=
i
4~
< BaBa > +
i
4~
< B¯aB¯a > +
i
~
m2 < C¯aCa > (3.5)
where < · · · > means a vacuum expectation value of corresponding quantities, for example,
< C¯aCa >=
∫
Dφ C¯aCa exp
( i
~
S
)
. (3.6)
Now let us use the invariance of S (2.1) under the modified BRST transformation (2.12) to
investigate the functional Zβ+δβ . To this end, in the functional integral (3.4) we can make a
change of variables being given by Eqs. (2.12) with some functional Λ = Λ(φ) instead of the
constant Grassmann odd parameter θ. It is clear that the CF action (2.1) is invariant under
such a change of variables. If we restrict ourself to the first order in Λ(φ) and δβ then there
appears contribution only coming from the integration measure
Zβ+δβ =
∫
Dφ exp
( i
~
[
S + δβS + δM
])
, (3.7)
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where
δM = −i~
(δΛ(φ)
δAaµ
Dabµ C
b −
1
2
δΛ(φ)
δCa
fabcCbCc −
δΛ(φ)
δC¯a
Ba −m2
δΛ(φ)
δBa
Ca
)
. (3.8)
Choosing the functional Λ(φ) as
Λ(φ) =
i
2~
(
C¯aBa −
1
2
fabcC¯aC¯bCc
)
δβ (3.9)
we find that
δβS + δM =
1
2
m2C¯aCaδβ. (3.10)
In massless limit, the vacuum functional Zβ does not depend on the parameter β. It is no
wonder that there is no dependence on this parameter because in this limit the CF action reduces
to the FP action for massless Yang-Mills when β plays a role of gauge parameter and nilpotency
of the BRST transformations is restored. If m 6= 0 then there is an essential dependence of
vacuum functional on this parameter and β becomes a physical parameter defining, for example,
a mass, mc, of scalar anticommuting fields C
a and C¯a in the form m2c = βm
2 because the
equations of motion read
(+m2c)C
a + · · · = 0,
where  = ∂µ∂µ and the dots mean terms which are non-linear in φ
i. Similar equations hold
for fields C¯a. Unfortunately, we cannot use the relation (3.10) to find the representation of
dependence of Zβ on β
∂Zβ
∂β
=
i
2~
m2 < C¯aCa >
as one might think considering (3.7) and (3.10). In the case m2 6= 0 the dependence of Zβ on
β becomes essential and the change of variables
φi → φ
′i = φi +
i
~
Λ¯(φ)Ri(φ), Λ(φ) =
i
~
Λ¯(φ)
used in (3.8) and (3.9) is beyond the strong definition of functional integral within loop ex-
pansions (in ~) [25]. Here the condensed notations δmBφ
i = Ri(φ)θ for the modified BRST
transformation (2.12) were used. Note that such kind of transformations serves as a tool to
prove the gauge independence of vacuum functional (and physical quantities) in Yang-Mills
theories as well as in general gauge theories [26]. In the case of gauge theories, it does not lead
to conflicts if one considers physical quantities because they are gauge invariant ones and the
change of variables touches a modification of gauge fixing functional only.
We can investigate dependence of Green’s functions on parameter β for the CF model as
well. The generating functional of Green’s functions, Zβ(J), is written in the form
Zβ(J) =
∫
Dφ exp
( i
~
[S(φ) + Jiφ
i]
)
, (3.11)
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where the action S is defined through relations (2.1)-(2.5), the set of fields φi is given in (3.2)
and Ji = (j
a
µ, K
a, K¯a, La) are usual sources to fields φi with relevant distributions of Grassmann
and ghost parities. Let us consider the CF model corresponding a small variation of parameter
β ( β → β + δβ). Then the generating functional for Green’s functions is
Zβ+δβ(J) =
∫
Dφ exp
( i
~
[S(φ) + δβS + Jiφ
i]
)
(3.12)
where δβS is defined in (3.3). As a result we obtain the equation
∂Zβ(J)
∂β
=
i
~
[1
2
(
~
i
)2 δ2
δLaδLa
−
~
2i
δ
δLa
Na
(
~
i
δ
δK
, ~
i
δ
δK¯
)
+
+
1
4
Na
(
~
i
δ
δK
, ~
i
δ
δK¯
)
Na
(
~
i
δ
δK
, ~
i
δ
δK¯
)
+m2
(
~
i
)2 δ2
δK¯aδKa
]
Zβ(J), (3.13)
describing the dependence of Green’s functions on the parameter β. In terms of the generating
functional of connected Green’s functions, Wβ(J) = ~/i lnZβ(J), the equation (3.13) takes the
form
∂Wβ(J)
∂β
=
1
2
(δWβ
δLa
δWβ
δLa
+
~
i
δ2Wβ
δLaδLa
)
−
−
1
2
(δWβ
δLa
+
~
i
δ
δLa
)
Na
( δWβ
δK
+ ~
i
δ
δK
,
δWβ
δK¯
+ ~
i
δ
δK¯
)
+
+
1
4
Na
( δWβ
δK
+ ~
i
δ
δK
,
δWβ
δK¯
+ ~
i
δ
δK¯
)
Na
( δWβ
δK
+ ~
i
δ
δK
,
δWβ
δK¯
+ ~
i
δ
δK¯
)
+
+ m2
(δWβ
δK¯a
δWβ
δKa
+
~
i
δ2Wβ
δK¯aδKa
)
. (3.14)
Introducing the generating functional of vertex functions (effective action), Γβ(φ), being defined
through the Legendre transformation of Wβ(J),
Γβ(φ) = Wβ(J)− Jiφ
i, φi =
δWβ
δJi
,
δΓβ(φ)
δφi
= −Ji, (3.15)
the equation corresponding to (3.14) has the form
∂Γβ(φ)
∂β
=
1
2
BˆaBˆa −
1
2
BˆaNa
(
Cˆ, ˆ¯C
)
+
1
4
Na
(
Cˆ, ˆ¯C
)
Na
(
Cˆ, ˆ¯C
)
+m2 ˆ¯CaCˆa, (3.16)
where the notations
φˆi = φi + i~(Γ“−1)ij
δl
δφj
, (Γ
′′
)ij =
δl
δφi
(δΓβ
δφj
)
, (Γ“−1)ikΓkj = δ
i
j , (3.17)
were used. We see that the dependence of effective action on the parameter β does not disappear
even on-shell defined by the equations of motion of Γβ(φ) that confirms a physical character of
the parameter β. In tree approximation Γβ = S, φˆ
i = φi, and from (3.16) it follows (3.3).
6
4 Discussion
We investigated the dependence of Green’s functions for the CF model on the parameter
resembling the gauge parameter in massless Yang-Mills fields. In particular, it was shown that
the effective action for this model depends on this parameter on-shell. It allowed to consider
this parameter as a physical one which can be associated with definition of mass for scalar
anticommuting fields of the CF model. It was found that violation of nilpotency of the BRST
symmetry can be interpreted as a source for appearance of an additional physical parameter in
comparison with a gauge theory for which the full configuration space has the same structure.
This situation is quite similar to that in the Gribov-Zwanzider theory [11, 12, 13] when violation
of the BRST symmetry of the Gribov-Zwanziger action was interpreted as a source for the
Gribov parameter to be a physical parameter [27].
It was pointed out that from the beginning the CF model should be considered as non-
degenerated system of massive vector fields and massive scalar anticommuting fields. From this
point of view the analysis of unitarity given in [1] looks like incomplete because the physical
state space should include particles corresponding to massive scalar anticommuting fields as
real ones. In turn, presence of these particles in physical state space does not give a chance for
the CF model to be unitary because of the breakdown of norm-positivity [10, 16].
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